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Kernel regression

Kernel SVM )](1,0max{ ii xfyL −=
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hinge-loss: arises from margin 
constraints lead to sparse α

margin 

Need to induce sparsity in   , e.g., by 
replacing           with 

α
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)(xyf

L

1α

2α

1α

Hinge Loss

1

Both hinge-loss and L1 regularizer are non-differentiable

Non-differentiability

)}(1,0max{ xyf−

Gradients cannot be computed at kinks !

L1 -regularization

Focus on max-margin formulations, L1 regularization later



For a convex, differentiable function f,  
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Subgradient
– A vector g

 

is called subgradient at x

 

if,

– A subgradient can exist even if a function is non-differentiable at x
– Set of all subgradients at x

 

is called sub-differential 
– For a convex function,

• sub-differential is always nonempty and a closed convex set
• If f

 

is differentiable at x,  

For a convex, differentiable function f,  
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1-Dim case
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d-Dim case
dd

j j Rxxxxf ∈== ∑ = ,)( 11

]1,1[−∈⇒≥ gygy

Rewrite }}1,1{|max{1 −∈= i
T sxsx

Want to find an s, such that xsx T=1
A simple choice 0 if1 >= jj xs 0 if1 <−= jj xs 0 if1or1 =−= jj xs
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⎨
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)(k kη

satisfy “square summable but 
not summable” constraints
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• If the convex function J(.) is differentiable at        , the only subgradient is the gradient

reduces to gradient descent
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Want to minimize 

EECS6898 – Large Scale Machine Learning 15

Subgradient
 

Method

Sanjiv

 

Kumar            11/9/2010

)()()()1( kkkk gηαα −=+

• If the convex function J(.) is differentiable at        , the only subgradient is the gradient

reduces to gradient descent

• Subgradient method is not a descent method, 

common to keep track of the best point found so far at each iteration

at each step, one sets

• Convergence guarantees

For diminishing step size rule, guaranteed to weakly converge to the optimum

)( )()( kk αJg ∂∈

)(kα

},min{ )(
*

)1(
*

)( kkk JJJ −=

kakaη k /or/)( = 0>a

Also use the corresponding  α

)(αJ



To solve constrained optimization problem 
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minimize  )(αJ
subject to  Cα∈ C

 

is a convex set  

)( )()()()1( kkkk gηαPα −=+

Euclidean projection on C



To solve constrained optimization problem 
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• Minimization with general constraints

minimize  )(αJ
subject to  Cα∈ C

 

is a convex set  

)( )()()()1( kkkk gηαPα −=+

Euclidean projection on C

minimize  )(αJ
subject to  0)( ≤αfi convex are(.)if mi ,...,1=∀

⎩
⎨
⎧
∂
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k
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Primal Formulation 
scaled C

augment vectors to incorporate bias
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ξCwwT +min
ξyynyxψyxψnw i

n
i i

n
i iiii −−Δ≥− ∑∑ == )~()/1())~,(),(()/1(, 11

0≥ξ

s.t. n
nyyy }1,1{)~,...,~(~

1 −∈=∀

2n

 

(decomposable) constraints 
n constraints

ξξn n
i i =∑ =1)/1(

sum n constraints

Single slack variable instead of n !
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Key Idea – Keep only a very small number of (active) constraints at each 
iteration and solve a small QP problem 

Ψ Δ
function of   y~
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Algorithm
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ξCwwT +min
ξyynyxψyxψnw i
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n
i iiii −−Δ≥− ∑∑ == )~()/1())~,(),(()/1(, 11s.t.

Guaranteed to converge, more intuitive stopping criterion, kernel extensions easy

Key Idea – Keep only a very small number of (active) constraints at each 
iteration and solve a small QP problem 

Ψ Δ
Algorithm

1. Given a constraint set W (containing at most m vectors      ) 

2. Find the most violated constraint and add to the constraint set, remove inactive ones

3. Compute new      and    , and iterate until 
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Joachims [13] 

Linear SVM

d

uses kernel- 
approach with 
decomposition 

cutting-plane 
method

Gains mainly due to solving linear SVM updating w 
explicitly rather than using (linear) kernel !
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}1,1{, −∈ℜ∈ yx d∑ = +n
i ii

w
wRλwyxln 1 )();,()/1(min

Example: Recall SVM formulation as regularized loss function 

}1,0max{ i
T

i xwy− wwT)2/1(
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}1,1{, −∈ℜ∈ yx d∑ = +n
i ii

w
wRλwyxln 1 )();,()/1(min

Example: Recall SVM formulation as regularized loss function 

}1,0max{ i
T

i xwy− wwT)2/1(

- Use stochastic subgradient since hinge-loss is non-differentiable

- Usually an ε-accurate solution     is obtainedŵ
εwfwf w +≤ )(min)ˆ(

- Saves significant training time in practice since solving training loss beyond a 
precision usually does not affect the generalization performance

- More important to spend time in finding good setting of λ
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Projected Subgradient
 

Approach for SVM
Key Idea: After each (sub)gradient step, project w

 

in L2 -ball of radius 
– Allows aggressive decrease in learning rate and hence faster 

convergence 
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Why projection?

)/1( εO

λ/1
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Why projection?

The optimal solution lives within a ball of radius

)/1( εO

λ/1

λ/1

Proof Sketch

Comparing dual and primal at optimum
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Projected Subgradient
 

Approach for SVM
Algorithm

1. Initialize the initial vector
2. Compute a subgradient at the current estimate wt

 

using k

 

data points for 
which loss is nonzero, i.e. margin

Sanjiv

 

Kumar            11/9/2010
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tttt gηww −=′+1
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T
ti xwy

∑ = −+= '
1
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T
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λw /11 ≤

Apply subgradient computation on 
max of two convex functions

tttt gηww −=′+1
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i

T
i xwy

iitt xykwλg

)/(1 tληt =

∑ = −+= '
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T
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Approach for SVM
Algorithm

1. Initialize the initial vector
2. Compute a subgradient at the current estimate wt

 

using k

 

data points for 
which loss is nonzero, i.e. margin

3. Project the new estimate in the L2 ball of radius
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λw /11 ≤

Apply subgradient computation on 
max of two convex functions

tttt gηww −=′+1

1≤i
T
ti xwy

∑
<

−=
1

)/1(
i

T
i xwy

iitt xykwλg

)/(1 tληt =

λ/1

⎟
⎟
⎟

⎠

⎞

⎜
⎜
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∑ = −+= '
1
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i i

T
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S. Shalev-Shwartz [14] 

Linear SVM

d

Effect of batchsize k on objective value

T: # of iterations
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Multi-class Extensions
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},...,2,1{ Ly =dx ℜ∈

Prediction function ][maxargˆ )( xwy T
j

j
=

n
iii yx 1},{ =

Ljw d
j ,...,1,)( =ℜ∈
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},...,2,1{ Ly =dx ℜ∈

∑ = +n
i ii

w
wRλwyxln 1 )();,()/1(min

}1,0max{ )()( i
T

ri
T

y xwxw
ii

+− wwT)2/1(

Prediction function ][maxargˆ )( xwy T
j

j
=

n
iii yx 1},{ =

Ljw d
j ,...,1,)( =ℜ∈

i
T

j
yj

i xwr
i

)(maxarg
≠

=
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Multi-class Extensions
For L-class classification problem,

Sanjiv

 

Kumar            11/9/2010

Parameter space: One parameter vector per class Ld parameters 

},...,2,1{ Ly =dx ℜ∈

∑ = +n
i ii

w
wRλwyxln 1 )();,()/1(min

}1,0max{ )()( i
T

ri
T

y xwxw
ii

+− wwT)2/1(

Prediction function ][maxargˆ )( xwy T
j

j
=

n
iii yx 1},{ =

Ljw d
j ,...,1,)( =ℜ∈

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=+

=−

=

otherwise,

 if,

 if,

)(

)(

)(

)(
t

j

tt
t

j

tt
t

j
t

j

wλ

rjxwλ

yjxwλ

g

Algorithm: same update for each vector as for the binary case except,

i
T

j
yj

i xwr
i

)(maxarg
≠

=
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Kernel Perceptrons
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Recall, perceptron algorithm for linear binary classifier

)sgn()( xwxf T=

Update Rule 
)( tt xfy ≠if xt

 

is misclassified, i.e., 

otherwise ⎩
⎨
⎧ +

=+
t

ttt
t w

xyw
w 1

}1,1{−=y

stocahstic (sub)gradient descent !
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Recall, perceptron algorithm for linear binary classifier

)sgn()( xwxf T=

}1,1{−=y

If initial parameter setting is 00 =w

∑ == k
m mmt xyw 1

where {xm

 

}m=1,…,k

 

are k misclassified points 
and ym

 

are the corresponding labels

Update Rule 
otherwise ⎩

⎨
⎧ +

=+
t

ttt
t w

xyw
w 1

)( tt xfy ≠if xt

 

is misclassified, i.e., 
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Recall, perceptron algorithm for linear binary classifier

)sgn()( xwxf T=

}1,1{−=y

If initial parameter setting is 00 =w

∑ == k
m mmt xyw 1

where {xm

 

}m=1,…,k

 

are k misclassified points 
and ym

 

are the corresponding labels

Prediction based on  ]sgn[]sgn[ 1∑ == k
m m

T
t yxw xxT

m

Update Rule 
otherwise ⎩

⎨
⎧ +

=+
t

ttt
t w

xyw
w 1

)( tt xfy ≠if xt

 

is misclassified, i.e., 
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Recall, perceptron algorithm for linear binary classifier

)sgn()( xwxf T=

}1,1{−=y

If initial parameter setting is 00 =w

∑ == k
m mmt xyw 1

where {xm

 

}m=1,…,k

 

are k misclassified points 
and ym

 

are the corresponding labels

Prediction based on  ]sgn[]sgn[ 1∑ == k
m m

T
t yxw xxT

m

Kernel Perceptron ]),(sgn[)( 1∑ == k
m mm xxkyxf

active vectors or 
“Support Vectors”

Issue: The number of “support vectors” tend to increase linearly with iterations ! 
Storage and run-time increase linearly !

Update Rule 
otherwise ⎩

⎨
⎧ +

=+
t

ttt
t w

xyw
w 1

)( tt xfy ≠if xt

 

is misclassified, i.e., 
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Freund and Schapire [6] 

Linear vs Kernel Perceptron

Linear

Kernel
dT babak )1(),( +=

MNIST: 60K training, 10K testing, 
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Key Idea: Keep only a fixed number of support vectors

Simple Strategies
– “Forget” the oldest support vectors if beyond budget
– Remove the ones with largest margin first
– May cause big change in prediction as more support vectors are removed
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Key Idea: Keep only a fixed number of support vectors

Simple Strategies
– “Forget” the oldest support vectors if beyond budget
– Remove the ones with largest margin first
– May cause big change in prediction as more support vectors are removed

Alternative Strategy
– Use weighted combination of kernels

– Weights are decayed exponentially as a support vector becomes old

– If number of support vectors becomes more than budget, remove the 
oldest

– Selection of decay coefficient based on bound on number of mistakes

]),(sgn[)( 1∑ == k
m mmm xxkyσxf ]1,0[∈mσ

1,, −= tmtm σφσ 11, =mσ
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Dekel et al. [12] 

MNIST: 60K trainingcensus-income: 200K training 

CKS: Removes the point with largest margin

# Support Vec: 14,626 # Support Vec: 1,886

5)1(),( babak T+=
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Online Passive-Aggressive Algorithms
Key Idea: At each iteration try to achieve zero loss for a given data point 

Sanjiv

 

Kumar            11/9/2010

Example: Binary classification with ε-margin loss

},0max{);,( xywεwyxl T−= }1,1{−∈y

Online Update (Separable Case): initialize 01 =w
2

1 )2/1(minarg t
w

t www −=+ s.t. 0);,( =wyxl tt
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Online Passive-Aggressive Algorithms
Key Idea: At each iteration try to achieve zero loss for a given data point 

Sanjiv

 

Kumar            11/9/2010

Example: Binary classification with ε-margin loss

},0max{);,( xywεwyxl T−= }1,1{−∈y

Online Update (Separable Case): initialize 01 =w

⎩
⎨
⎧

+
=

=+ otherwise,
0);,( if 

1
tttt

tttt
t xyτw

wyxlw
w

Passive update 

Aggressive update 

2
1 )2/1(minarg t

w
t www −=+ s.t. 0);,( =wyxl tt

2/);,( ttttt xwyxlτ = by Lagrangian optimization 
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Online Passive-Aggressive Algorithms
Key Idea: At each iteration try to achieve zero loss for a given data point 
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Example: Binary classification with ε-margin loss

},0max{);,( xywεwyxl T−= }1,1{−∈y

Online Update (Separable Case): initialize 01 =w

⎩
⎨
⎧

+
=

=+ otherwise,
0);,( if 

1
tttt

tttt
t xyτw

wyxlw
w

Passive update 

Aggressive update 

2
1 )2/1(minarg t

w
t www −=+ s.t. 0);,( =wyxl tt

2/);,( ttttt xwyxlτ = by Lagrangian optimization 

Online Update (Inseparable Case): Same updates as above except
2/)};,(,min{ ttttt xwyxlγτ =

Guaranteed to find a separating hyperplane whose margin is at least half of the best 
margin achievable by a batch algorithm !

0>γ
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